We discuss consistency at the quantum level in the rigid N = 1 supersymmetric field theories with a U (1) R symmetry in four-dimensional curved space which are formulated via coupling to the new-minimal supergravity background fields. By analyzing correlation functions of the current operators in the R-multiplet, we show that the quantum consistency with the (unbroken) supersymmetry requires the U (1) R anomaly coefficient, which depends only on the field content of the theory, to vanish.
Introduction
Supersymmetric field theories in curved space have attracted many interests in recent years. For such theories supersymmetric localization technique [1, 2] allows the non-perturbative exact computation of some interesting physical quantities such as the partition function and BPS Wilson loops, which can be used to test the duality conjectures like the AdS/CFT correspondence [3] [4] [5] . In this paper we focus on supersymmetric field theories with a U (1) R symmetry on curved manifolds in 3+1 dimensions.
According to [6, 7] (see also [8] for a recent review), one can formulate a N = 1 theory with a U (1) R symmetry in 4D curved space via coupling to the the new-minimal supergravity [9, 10] : One first couples the R-multiplet to the the new-minimal supergravity multiplet and then take a rigid limit sending the Newton's constant to zero, so that the supergravity is decoupled while the fields in the supergravity multiplet are sent to fixed backgrounds. In constructing supersymmetric field theories in curved space, background fields are typically chosen to be bosonic, and consistency with supersymmetry requires the supersymmetry variation of the gravitino in the gravity multiplet to vanish, which leads to a generalized Killing spinor (GKS) equation. For each solution of the GKS equation there exists a conserved supercharge. In the case of 4D N = 1 theory with a U (1) R symmetry, the GKS equation can have a solution if and only if the background manifold admits an integrable complex structure and a compatible Hermitian metric.
Important exact results were obtained for the 4D N = 1 supersymmetric field theory with an R-symmetry in [11] [12] [13] [14] [15] [16] , using localization technique. Here we list some of them:
• When there are two supercharges with opposite U (1) R charge, supersymmetric renormalization scheme is free of ambiguities and the partition function is invariant under the deformation of the Hermitian metric for a fixed complex structure.
• When the background manifold is S 3 r 3 × S 1 β , the supersymmetric Casimir energy becomes E susy ≡ − lim β→∞ d dβ log Z susy = 4 27r 3 (a + 3c), (1.1) where a and c are two trace anomaly coefficients in four dimensions.
We recall that the field theory computations in [11] [12] [13] [14] [15] [16] were carried out by using the supersymmetric Ward identities and the supersymmetry algebra which are derived from the classical new-minimal supergravity. In [17] (see also section 7.10 of [18] ) it was argued via the superspace formalism that the new-minimal supergravity can be in general quantum-mechanically inconsistent, due to the appearance of the "superscale" anomalies (consisting of the conformal anomaly, the U (1) R chiral anomaly and the γ-trace of the supercurrent) that are inconsistent with the local supersymmetry Ward identities. Then one could also question the quantum consistency of the new-minimal supergravity formulation of the rigid N = 1 field theories with an R-symmetry. However, [17] considered only the one-point function of the supercurrent superfield and one could expect that there is no inconsistency for the backgrounds on which the anomalies in the Ward identities (for current one-point functions) are numerically vanishing. In particular, the backgrounds considered in [13-16, 19, 20] are anomaly-free in this sense. Nevertheless, the anomalies might appear in the higher-point correlation functions as the contact terms, some of which may be physically meaningful. This motivates us to study the higher-point correlation functions to investigate the quantum consistency.
In this paper we analyze the two-point and higher-point correlation functions of the current operators in the R-multiplet. Using Ward identities and assuming the vacuum is supersymmetric, we show that the unbroken supersymmetry is inconsistent at the quantum level unless the coefficient of the U (1) R anomaly vanishes. Note that the anomaly coefficients depend only on the field content of the theory. Since the Ward identities and the rigid supersymmetry algebra are a direct consequence of the new-minimal supergravity, this implies that the 4D N = 1 field theory with an R-symmetry can be consistently formulated in terms of the new-minimal supergravity only for some special systems with the field content that leads to vanishing coefficient of U (1) R anomaly. One example of this is a theory that consists of a free chiral multiplet with R-charge 1, since in this case the Weyl fermion in the chiral multiplet is uncharged under the U (1) R symmetry and gives no contribution to the U (1) R chiral anomaly.
The rest of this note is organized as follows. In section 2 we briefly review the symmetries of the new-minimal supergravity, the definition of the generalized Killing spinor (GKS) and the construction of the Killing vector from the GKSs. We then derive the Ward identities of N = 1 supersymmetric field theories with an R-symmetry in section 3, the results of which are used to reproduce the rigid supersymmetry algebra in section 4. In section 5 we show that in order for N = 1 field theories with an R-symmetry to be consistently formulated via the new-minimal supergravity the (pure) U (1) R chiral anomaly coefficient should vanish. Finally, we end with concluding remarks in section 6. Appendix A contains our conventions, while appendix B explicitly derives the transformation laws of the current operators in R-multiplet in a N = 1 supersymmetric theory with a free chiral multiplet on R × S 3 .
New minimal supergravity and Killing spinor
In this section, we briefly review the symmetries of the new-minimal supergravity and define a GKS and a Killing vector, as preliminaries for deriving the Ward identities of the N = 1 field theory with an R-symmetry in the next section.
We begin with the construction of the new-minimal supergravity. It is formulated by first minimal-coupling the R-multiplet (consisting of energy-momentum tensor T µν , supercurrent S µ α , U (1) R current J µ and closed two-form F µν ) to the supergravity multiplet (containing metric g µν , gravitino ψ αµ , U (1) R gauge field A µ and two-form gauge field B µν ) to obtain the linear Lagrangian, which is then completed to the non-linear form. The linear couplings take the form
In general backgrounds the operators in the R-multiplet are defined in terms of the functional derivatives of the action S with respect to corresponding fields in the supergravity multiplet, namely
,
where e ≡ | det e a µ | with e a µ being the vierbein. At the classical level the new-minimal supergravity possesses the local supersymmetry as well as the U (1) R chiral symmetry and the diffeomorphism invariance. The corresponding transformation laws for the fields in the supergravity multiplet are given as follows (for conventions see Appendix A):
• Local supersymmetry transformation
We have omitted the higher-order terms in the gravitino, since they are irrelevant to our analysis. One can confirm the above transformation laws by checking invariance of the pure new-minimal supergravity action, given by
where R is a Ricci scalar. As mentioned in the Introduction, a field theory with rigid supersymmetry is defined on the supersymmetric backgrounds, i.e. the ones that admit at least one solution of the GKS equation. For N = 1 field theories with an R-symmetry the GKS equation becomes
Now let us denote a solution of (2.7) as ζ. As we will see in section 3, there exists a conserved supercharge corresponding to ζ. For the discussion of the supersymmetry algebra given in section 3, we need to define a real vector 1 (i.e. K * = K)
(2.8)
Here η ≡ iγ * ζ is also a GKS. By using the Fierz identity and the integrability condition for the GKS ζ, one can derive the following relations,
It therefore follows that the background fields are invariant with respect to the null vector K up to a gauge transformation for the U (1) R gauge field A, namely
Note that the Killing condition for V µ is not equivalent to that for B µν . In fact, we do not need the Killing condition for the background field B µν , as we will see in the next section.
Ward identities and correlation functions
In this section, we derive the Ward identities of the N = 1 field theory with an R-symmetry in 4D curved space and then comment on some properties of correlation functions, which will be basis of the discussions of the next sections.
Ward identities
The Ward identities corresponding to the symmetries discussed in the previous section can be obtained by using the local renormalization group formalism [21] (see also [22] for a recent review). To this end one first defines the generating functional of connected correlation functions .. exp iS. The gravitino background ψ µ is set to zero at the end of the computations, since we consider the bosonic backgrounds. Recall that the variation of the generating functional W is given by
gives the definition of the one-point functions of the operators in the presence of arbitrary sources. Namely, (3.2) implies that
. 
4)
and the gravitino-dependent terms are omitted in (3.5) and (3.6). In (3.4) it is assumed that there is no supersymmetry anomaly. The diffeomorphism anomaly A diffeo and the U (1) R chiral anomaly A chiral need further explanation. The chiral anomaly is usually accompanied by the mixed gravitational anomaly, which breaks the classical diffeomorphism invariance. The anomalies are given by
8)
see e.g. [23] for a recent review. Here the coefficients c A and c m are determined according to the field content of the theory and are related to the central charges. The scheme parameter α is the coefficient of the diffeomorphism and gauge non-invariant contact counterterm that determines where the mixed anomaly appears: If α = 0, then the mixed anomaly appears only in the U (1) R Ward identity, while if α = 1 it appears only in the diffeomorphism Ward identity. In this note we choose a scheme α = 0 such that the mixed anomaly does not appear in the diffeomorphism Ward identity.
We emphasize that even if we mainly consider bosonic backgrounds in quantum field theory, we must keep the gravitino background field in (3.4) in order to compute two-point functions of the supercurrent operator. In principle, the Ward identities (3.5) and (3.6) also contain the gravitinodependent terms, which we ignore since they are irrelevant unless we differentiate (3.5) and (3.6) with respect to the gravitino.
Higher-point correlation functions
Taking further derivatives of (3.3) with respect to the sources gives higher-point correlation functions, for which we use double bra-ket notation ... , i.e.
.
Notice that we use different notation ... than the usual one ... C (the subscript C stands for "connected"), though ... is clearly a connected correlation function as W is the generating functional for connected correlation functions. The reason of using ... rather than ... C to denote two-and higher-point functions 2 is that the quantity ... can differ from ... C by contact terms when the operators depend on the sources due to the non-linear dependence of the action on the sources. For instance, using the definition of ... given above it can be easily seen that
where δ 4 (x, y) = δ 4 (x − y)/e is the invariant Dirac delta function. In obtaining the last term in the second line above it is used that the action (and hence operator J ) does not depend on the derivatives of the background sources which are non-dynamical. The contact term above corresponds to the second functional derivative of action S with respect to A, i.e. δ eδAν (y) δS eδAµ(x) , which is nonvanishing when the action S depends non-linearly on the gauge field A. For higher-point functions there can be more contact terms, and in general it is not obvious whether or not the contact terms play any role and can be ignored in the calculations.
In order to investigate the potential consequences of the contact terms, let us consider (n + 1)point functions obtained by taking functional derivatives of an one-point function of an operator O(x) with respect to the background sources (see (3.10)), i.e.
where the contact terms contain connected correlation functions with less than n + 1 operators and are proportional to δ-functions that arise whenever ∆ ∆B acts on operators. The contact terms can be split into two parts according to whether it contains δ 4 (x, x k ) or not, namely
where the first part on the RHS of (3.17) consists of terms that contain δ 4 (x, x k ) (and their products), which results from ∆ ∆B j k acting on O(x), while the rest is collected into the second term, which does not contain the derivatives of O(x) and hence can be written in the form of O(x)... C The second part in (3.17) contains δ 4 (x k , x l ) (and their products) with k = l and is absent when n = 1 (i.e. for two-point functions). Splitting in the form (3.17) will be useful in the following discussions. Now we suppose that O(x) corresponds to a conserved current X µ , i.e. O(x) = X µ (x) with ∇ µ X µ (x) = 0. When acting ∇ µ = e −1 ∂ ∂x µ e on (3.17) and taking integration d 4 x e, the first part in (3.17) does not contribute since it leads to the integration of the total derivative of δ 4 (x−x j ) that vanishes. In the case of two-point functions, the second part in (3.17) does not exist. Therefore, for the two-point functions all contact terms drop out through the operations mentioned above, so that we have
where Q X is the corresponding conserved charge defined as Q X ≡ C dσ µ X µ with C being the Cauchy surface. 3 (3.18) will be often used in section 4. For three-point and higher-point functions the second part of the contact terms in (3.17) can contribute and needs a careful treatment. 3 One comment is in order on the second equality of (3.18).
The usual relation is [QX , Oj(y)] = d 4 x e∇µ X µ (x)Oj(y) without subscript C. However, since ∇µ X µ (x) = 0, the disconnected connected part vanishes, so that [QX, Oj (y)] = d 4 x e∇µ X µ (x)Oj(y) C .
Let us consider the case when Q X annihilates the vacuum state |Ω , i.e. Q X |Ω = 0. In this case it follows that
This is analogous to the usual formula d 4 x e∇ µ X µ (x)... = 0 when Q X |Ω = 0. (3.19) can be shown as follows. First, note that Q X |Ω = 0 leads to d 4 x e∇ µ X µ (x)... C = 0, which follows from d 4 x e∇ µ X µ (x)... = 0 and the definition of the connected correlation functions. 4 Then, the first term (non-contact part) in (3.16) (with O(x) = X µ (x)) and the second part of the contact terms in (3.17) do not contribute to
Since the first part of the contact terms in (3.17) does not contribute either as mentioned above, we end up with (3.19) , which will be employed in section 5.
Rigid supersymmetry algebra
Now we recover the rigid supersymmetry algebra on the curved backgrounds by deriving the transformation laws of the supercurrent and U (1) R current with respect to the rigid supersymmetry. 5 In order to set up the general strategy, we first deal with the diffeomorphism Ward identity. We multiply (3.5) by an arbitrary vector field ξ ν (x) and take a functional derivative δ ie δAρ(y) to obtain
(4.20)
The integration over x-space (i.e. d 4 x e) of the above gives
where the left hand side actually corresponds to the variation of the operator J ρ under the diffeomorphism associated with the vector ξ µ , see e.g. section 5.2.3 in [24] . It then follows from (4.21) that the U (1) R current J µ transforms as a vector density under the diffeomorphism, which has to do with the fact that the quantity conjugate to the vector source is not a vector but a vector density operator (see e.g. [25] ). Multiplying (3.5) by K ν defined in (2.8) and assuming that K µ A µ is made constant 6 by a suitable U (1) R gauge transformation, we obtain 7
This allows us to define a conserved charge
where C is any Cauchy surface. Now using (3.18) and replacing ξ by K in (4.21), we obtain
Now we use the above strategy to recover the rigid supersymmetry algebra for N = 1 field theories with an R-symmetry. Multiplying (3.4) by the GKS ζ(x) and setting the gravitino to zero gives ∇ µ S µ ζ(x) = 0, (4.26)
which allows us to define a conserved supercharge associated with the GKS ζ as
Independence of Q ζ on the choice for the Cauchy surface, i.e. conservation of Q ζ is an immediate consequence of the Ward identity (3.4) on the bosonic background. Note that we can also define a conserved supercharge Q η associated with the GKS η = iγ * ζ. Now we multiply (3.4) by the GKS ζ and taking the functional derivative 1 ie δ δψµ(y) to obtain
where we have set the gravitino background to zero at the end. Integrating (4.28) over x-space and using (3.18) give
A careful derivation is necessary for the term containing F ρλ . First of all, we have ∇µ(ε µνρλ KνF ρλ ) = 4V µ K ν Fµν = ε µρσλ K ν (∇ρB σλ )Fµν.
Combining this with ε [µρσλ K ν] (∇ρB σλ )Fµν = 0, which implies ε µρσλ K ν (∇ρB σλ )Fµν = 1 2 Fµν ε σλµν K ρ (∇ρB σλ +∇ λ Bρσ +∇σB λρ ), gives ∇µ(ε µνρλ Kν F ρλ ) = 1 2 Fµν ε σλµν K ρ (∇ρB σλ + ∇ λ Bρσ + ∇σB λρ ). Notice that we do not need the Killing condition for Bµν .
Note that using (4.29) we can rewrite (4.28) in a simple form as
(4.30) Multiplying (4.29) byζ andη gives respectively (omitting the bra-ket notation · )
It then follows that
where Q R is the U (1) R charge. Now we multiply (3.4) by the GKS ζ(x), differentiate it with respect to A µ (y) and B σλ (y), respectively (cf. (3.3) ), and set the gravitino to zero. Then, we get
These transformation laws of the currents S µ , J µ and F µν under the rigid supersymmetry are explicitly checked in appendix B for a free chiral theory on R × S 3 . Transformation law for the supercharge Q ζ under the diffeomorphism associated with the Killing vector K can be obtained by differentiating the diffeomorphism Ward identity with respect to the gravitino source. For this, the diffeomorphism Ward identity should be extended to involve the gravitino-dependent terms. We do not present the details of its calculation here, but give the final result as
which is consistent with (2.9b).
In summary, the supersymmetry algebra is
see e.g. [7] . We end this section by addressing the quantum consistency of the N = 1 rigid supersymmetry algebra (4.39) . First, note that by differentiating (3.6) with respect to the source field A ν (y), we get 40) where the right hand side is a total derivative. It then follows that
which implies that [Q R , J ν ] = 0. Using this, we find from (4.39a) and (4.25) that
On the other hand, (4.36) and (4.31) imply that (4.43) and therefore
Since K is a nowhere vanishing vector [7] , (4.42) can be consistent with (4.44) only when ∇ µ J µ = 0, (4.45) or equivalently (see (3.6) and (3.8) )
if we assume c A = 0 and c m = 0. These are additional constraints imposed on the background sources since the GKS condition (2.7) does not automatically imply (4.46) [14] . Does the condition (4.46) suffice for consistent construction of N = 1 field theory with an R-symmetry when c A = 0 and c m = 0? As we will see in the next section the answer is no, due to a problem that manifests itself in the higher-point correlation functions.
Quantum consistency
In this section we show that the U (1) R coefficient c A should vanish in order for the new-minimal supergravity formulation of the N = 1 field theory with an R-symmetry to be quantum-mechanically consistent. Condition (4.46) is related to the N = 1 rigid supersymmetry algebra (4.39), which relies on the assumption that K µ A µ is constant. Now we would like to pursue our investigation without using this assumption. Instead, following [15] we suppose that the vacuum state |Ω is supersymmetric, i.e. 
on the supersymmetric vacuum. This implies that
3)
Yet this does not seem to cause a serious problem, as we saw the similar constraints in the previous section, see (4.45)-(4.46). However, it turns out that the real problem shows up in the higher-point functions. To see this, we multiply (3.4) by any spinor ǫ(x) and differentiate with respect toψ µ (x 1 ) and then A ν (x 2 ). We then set the gravitino to zero and obtain
As mentioned before, it is important to keep all contact terms in the above computation. Now we let ǫ(x) be the GKS ζ and multiply (5.4) byη = iζ(x 1 )γ * . We then obtain
Let us integrate this over x-space, using (see (3.19) )
and take a covariant divergence with respect to x 1 to obtain
For the second equality we used the relation (4.30) (where the first term on the RHS vanishes due to the assumption of the supersymmetric vacuum) and
which is obtained from (4.20) by replacing ξ ν by the Killing vector K ν and using the Killing equations (2.10). Note that in the above computation there occurs a complete cancellation between the contact terms. Using (3.6), (5.7) implies
A λ A chiral (x 1 ) = 0, (5.9) which is another constraint in addition to (5.2) . The analysis up to now is insufficient to say about the quantum inconsistency with the known U (1) R anomaly, because there may exist very restrictive backgrounds on which the constraints (5.2) and (5.9) are satisfied. Therefore we need to go further to higher-point functions. To this end, we differentiate (5.4) once more with respect to the gauge field source A λ (x 3 ) to obtain
(5.10)
By following essentially the same steps as done to reach (5.9) from (5.4) for the 3-point function S ρ ǫ(x)S µ (x 1 )J ν (x 2 ) , one can obtain
The above procedures can be straightforwardly extended to the higher-point functions obtained by differentiating (5.4) successively with respect to the gauge fields, giving rise to constraints (putting together (5.2), (5.9) and (5.11) here) (5.16) and so on. These constraints are consequences of the Ward identities (3.4)-(3.6) and relation (3.19) with the supersymmetric vacuum condition (5.1). Constraint (5.16) and the subsequent ones with the higher functional derivatives are trivially satisfied, since A chiral is quadratic in the gauge field, while (5.12)-(5.15) are nontrivial constraints. In particular, constraint (5.15) with (3.8) gives 
Discussions
In this note we have studied the quantum consistency of the new-minimal supergravity formulation of the N = 1 supersymmetric theories with an R-symmetry in 3+1 dimensional curved space. By investigating the rigid supersymmetry algebra and the correlation functions obtained via differentiation of the Ward identities (with respect to the background gravitino and R-gauge fields),we have shown that the pure U (1) R chiral anomaly coefficient c A should vanish to be consistent with the supersymmetry. Our result indicates that the supersymmetry is broken at the quantum level unless c A = 0. We emphasize that the anomaly coefficient c A depends only on the field content of the theory. There exist some special cases where c A = 0. For instance, in the N = 1 superconformal theories, the anomaly coefficient c A becomes c A = 5a − 3c, (6.1)
where the central charges a and c (for free theory) is given by [26, 27] 
Here N V and N χ are the number of gauge and chiral multiplets, respectively. Therefore, c A becomes vanishing when 27N V = N χ , for example when N V = 1 and N χ = 27. Another simple example for a theory with c A = 0 is the system that consists of a free chiral multiplet with R-charge 1 (see e.g. appendix B). In this case, the Weyl fermion in the chiral multiplet is actually uncharged under the U (1) R symmetry and thus does not contribute to the U (1) R chiral anomaly.
In this work we have focused on the quantum consistency with respect to the pure U (1) R anomaly. We expect a similar result for the mixed U (1) R anomaly coefficient c m . Namely, we anticipate that higher-point correlation functions involving both of the supercurrent and the stressenergy tensor can be consistent only when c m = 0. But it needs more involved computations to show this, which we leave for the future work.
We have assumed that the supersymmetry Ward identity is non-anomalous, see (3.4) , and this brings forward a question related to the holography. In [28, 29] the holographic renormalization [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] was carried out for both of the bosonic and fermionic sector of the 5D N = 2 gauged supergravity, a virtual candidate for holographic dual of 4D N = 1 superconformal field theory (that has an R-symmetry). By doing so, it was derived that the supersymmetric Ward identities for 4D N = 1 superconformal field theories (SCFTs) contain anomaly-terms, which lead to the anomalous variation law of supercurrent operators under the rigid supersymmetry transformation. 8 However, it is not clear if the anomaly correction obtained in [28, 29] by holographic renormalization is consistent with c A = 0. We hope to pursue this issue in the future work. B An example: N = 1 with a free chiral multiplet on R × S r 3
In this appendix we explicitly derive the variation of the current operators S µ , J µ and F µν under the rigid supersymmetry transformation, for the special case when N = 1 field theory for a free chiral multiplet is defined on R × S r 3 .
The action of the theory that we are interested in is given by [6] ,
and q is the U (1) R -charge of the chiral multiplet, and
This theory is invariant under the rigid supersymmetry where ζ is the GKS that satisfies the GKS condition (2.7). Note that under the charge conjugation γ * flips the sign and thus (P L ) C = P R . The energy-momentum tensor is given by 7) and the U (1) R -current is
Since the Lagrangian (B.2) does not possess any FI-terms and the Kähler form of the target space is exact, there exists a well-defined operator Y µ , such that F µν = ∂ µ Y ν −∂ ν Y µ , see e.g. [11] . Defining an operator K µ by
we have an operator relation
Notice that when q = 2/3 the operator Y µ and F µν are identically vanishing. Since the conformal symmetry is explicitly broken by the operator F µν [42] , this implies that the theory becomes superconformal.
We could find the supercurrent by obtaining the Noether current corresponding to the transformation given by (B.6). Instead, we would like to use (4.36) to find the supercurrent, which would differ from the Noether current by a term like D ν M µν . The variation of the R-current J µ is
so we find that
where we used the equations of motion of the theory. Notice that although the rigid supersymmetry algebra is off-shell, the transformation rules (4.36), (4.37) and (4.29) should be on-shell relations at the classical level, as we see below.
The Gamma trace of the supercurrent (B.12) is
This vanishes on-shell for q = 2/3, which is related to the fact that the theory has the superconformal symmetry when q = 2/3. It is also implied by (B.13) that (4.37) cannot hold off-shell, since Y µ vanishes identically for q = 2/3. One can see that (4.37) holds on-shell by observing that
By a tedious computation it can be explicitly shown that the transformation law for (4.29) also holds on-shell. We emphasize that the whole analysis in this appendix can be extended to the more general backgrounds that admit two supercharges with opposite R-charge.
